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SCATTERING THEORY FOR SUBCRITICAL WAVE EQUATION WITH
INVERSE SQUARE POTENTIAL
CHANGXING MIAO, RUIPENG SHEN, AND TENGFEI ZHAO
Abstract. We consider the scattering theory for the defocusing energy subcritical wave
equations with an inverse square potential. By employing the energy flux method of
[37], [38] and [41], we establish energy flux estimates on the light cone. Then by the
characteristic line method and radiation theorem, we show the radial energy solutions
scatter to free waves outside the light cone. Moreover, by extending the Morawetz
estimates, we prove scattering theory for the solutions with initial datum in the weighted
energy spaces.
1. Introduction
We consider the nonlinear wave equation with an inverse-square potential in Rd, i.e.,utt +
(
−∆+ a|x|2
)
u = −|u|p−1u, (x, t) ∈ Rd × R,
(u, ut)|t=0 = (u0, u1) ∈ H˙1 × L2,
(1.1)
where d ≥ 3, p ∈ [1 + 4d−1 , 1 + 4d−2 ) and a > − (d−2)
2
4 . The restriction a > − (d−2)
2
4 ensures
that the operator La = −∆+ a|x|2 is positive definite via the sharp Hardy inequalities. In
this article, we consider La as the Friedrichs extension of this operator defined initially on
C∞c (R
d \ {0}) via the quadratic form
Q(f) =
∫
Rd
(
|∇f(x)|2 + a|x|2 |f(x)|
2
)
dx, for f ∈ C∞c (Rd \ {0}).
It is easy to find that the solution u to the equation (1.1) satisfies an energy conservation
law:
E(u, ut)
.
=
∫
Rd
(1
2
|∇u(x, t)|2 + a
2
|u(x)|2
|x|2 +
1
2
|∂tu(x, t)|2 + 1
p+ 1
|u(x, t)|p+1
)
dx
= E(u0, u1).
If u is a solution to (1.1), then, for λ > 0, the associated scaling transform uλ(x, t) =
λ
− 2
p−1u(xλ ,
t
λ) is also a solution and its norm in space H˙
sp(Rd) is invariant, where sp =
d
2 − 2p−1 . When sp = 1(i.e., p = pe
.
= 1+ 4d−2), we call the equation (1.1) is energy critical.
And we call the equation (1.1) is energy subcritical(or supercritical) for sp < 1(or sp > 1).
In particular, when p equals to the conformal exponent pconf
.
= 1 + 4d−1 , we have sp =
1
2 .
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1.1. Background and Motivations. First, we recall the well-posedness and scattering
theory of the defocusing nonlinear wave equation{
utt −∆u = −|u|p−1u, (x, t) ∈ Rd ×R,
(u, ut)|t=0 = (u0, u1) ∈ H˙1 × L2, (1.2)
where d ≥ 3 and p ∈ [1 + 4d−1 , 1 + 4d−2 ). By some suitable Strichartz estimates and the
fixed point argument, one may obtain the well-posedness for the Cauchy problem (1.2),
see for example [25].
For the scattering theory of the solution u, we mean that there exist free wave solutions
u± such that u − u± tend to zero in some suitable space as t → ±∞. For the energy
critical case p = pe, the global well-posedness and scattering theory of energy solution
to the equation (1.2) has been extensively studied by Grillakis [19, 20], Shatah-Struwe
[32, 33], Bahouri-Shatah [3], and Bahouri-Ge´rard [2]. In the case of p 6= pe, there is no
conservation law of same scaling of H˙sp × H˙sp−1 that provides an a priori bound on the
critical norm of the solution. Under the assumption that the H˙sp × H˙sp−1 norm of the
solution is uniformly bounded, many authors studied the scattering problem of solution
for the problem (1.2), see for example [23, 34, 9, 10, 11, 30]. We also refer to [13, 14] for
general norms.
For the defocusing subcritical case, one may obtain the global well-posedness of solutions
with finite energy via the Strichartz estimates and energy conservation law. Nevertheless,
in this case the scattering theory in energy spaces remains open. Ginibre-Velo [18] and
Hidano[21] proved that if the initial datum are in the conformal energy spaces, then the
solutions scatter in both time directions. In [35], Shen established the scattering results
for solutions in larger weighted spaces. Latter, Dodson obtained the scattering results
in the critical Sobolev spaces for solutions with radial initial datum in the critical space
B˙21,1 × B˙11,1 for (d, p) = (3, 3) in [6] and later H˙sp × H˙sp−1, for d = 3 and 3 ≤ p < 5 in
[7, 8]. Miao-Yang-Zhao [28] considered the case (d, p) = (5, 2) for initial datum in the
critical space B˙31,1 × B˙21,1. Recently, Shen developed the energy flux methods and showed
the energy scattering results for solutions withinitial datum in the weighed energy spaces
in [36, 37, 38, 41]. For the non-radial scattering results, we refer to Shen[39, 40] and
Yang[45].
Now we consider the scattering theory of the solutions to the Cauchy problem of (1.1).
The well-posedness can be obtained by the Strichrtz estimates of Burq, Planchon, Stalker,
and Tahvildar-Zadeh [4]. We also refer to Killip-Miao-Visan-Zheng-Zhang[24] for the
development of harmonic analysis tools of the operator La by utilizing the heat kernel
bounds. Later, by employing these tools and the concentration compactness arguments,
Miao-Murphy-Zheng[27] considered the scattering results in the energy critical case and
show the solutions approach the linear solutions of the operator ~Sa(t). Here ~Sa(t) denotes
the evolution operator of the linear equation ∂2t u +
( − ∆ + a|x|2 )u = 0. However, the
scattering of the energy subcritical situation seems still open for us. This article is devoted
to the study of scattering theory of solutions for (1.1) in sub-critical cases with initial
datum in weighted energy spaces.
1.2. Main Results. The first results we obtain is the following scattering result in the
region outside the light cone.
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Theorem 1.1 (Exterior scattering). Suppose that 3 ≤ d ≤ 6, p ∈ [1 + 4d−1 , 1 + 4d−2 ), and
a > − (d−2)24 +
( (d−2)p−d
2p
)2
. Let u be a radial solution to (1.1) with a finite energy. Then
there exist finite-energy free waves v±(solutions to the linear wave equation ∂2t v−∆v = 0)
so that
lim
t→±∞
∫
|x|>|t|−η
(|∇u(x, t) −∇v±(x, t)|2 + |ut(x, t)− v±t (x, t)|2) dx = 0, ∀η ∈ R.
Next, we show the scattering theory in the whole spatial space for solutions with some
additional energy decay.
Theorem 1.2. Suppose that 3 ≤ d ≤ 6, p ∈ [1 + 4d−1 , 1 + 4d−2), and a > − (d−2)
2
4 +( (d−2)p−d
2p
)2
. Let u be a radial solution to (1.1) with initial data (u0, u1) ∈ H˙1×L2 so that
the inequality
Eκ(u0, u1)
.
=
∫
Rd
(|x|κ + 1) (|∇u0(x)|2 + |u1(x)|2 + |u0(x)|p+1) dx < +∞ (1.3)
holds for a constant κ ≥ κ0 .= (d+2)−(d−2)pp+1 . Then the solution u scatters, that is, there
exist finite-energy free waves v± so that
lim
t→±∞
∫
Rd
(|∇u(x, t)−∇v±(x, t)|2 + |ut(x, t)− v±t (x, t)|2) dx = 0.
Remark 1.3. We remark that these theorems depend on a suitable local theory with
(u, ut) ∈ C(R; H˙1×L2) and |u|p−1u ∈ L1locL2(R×Rd). The condition |u|p−1u ∈ L1locL2(R×
R
d) will be very useful when we need to apply a smooth approximation argument. This
inspired us to use the Strichartz norm L
2p
(d−2)p−d
t L
2p
x . When d = 3,
2p
(d−2)p−d =
2p
p−3 > 2,
which holds for p ∈ [3, 5). On the hand if d ≥ 4, the conditions 2p(d−2)p−d ≥ 2 and p ∈
[pconf , pe) imply that we need the restriction d ≤ 6. For the higher dimension d ≥ 7,
one may consider the exotic Strichartz estimates as in [15, 44]. On the other hand,
the assumption of a origins from the Strichartz estimates of [4]. In fact,
( (d−2)p−d
2p
)2
is
increasing of p and corresponds to the exponents in [27] when d = 3, 4 and p = pe. That
is why we need to make additional assumption on a and d.
Now, we outline the proof of these theorems and make of some suitable reduction. For
the case of a > 0, the proof is similar to the case a = 0 of [41]. In fact, one can show the
energy flux estimates on the light cones by using the energy flux formula
E(t2;B(0, t2 − η))− E(t1;B(t1 − η))
=
1√
2
∫
|x|=t−η,t1<t<t2
(1
2
|ur + ut|2 + a
2
|u|2
|x|2 +
1
p+ 1
|u|p+1
)
dS. (1.4)
By making use of the characteristic line method, one can show Theorem 1.1 holds since in
this case a u
|x|2
is a defocusing term with a good spatial decay. Next, for the solution with
weighted energy, one can show the scattering results by utilizing the energy distribution
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estimates ∫
R<|t|<T
∫
|x|<R
(
1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt
≤
∫ R
−R
∫
|x|>R
(
1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt, (1.5)
which follow from the Morawetz estimates
1
2R
∫ T2
T1
∫
|x|<R
(
|∇u|2 + a |u|
2
|x|2 + |ut|
2 +
(d− 1)(p − 1)− 2
p+ 1
|u|p+1
)
dxdt
+
d− 1
4R2
∫ T2
T1
∫
|x|=R
|u|2dS(x)dt+
∫ T2
T1
∫
|x|≥R
(
(d− 1)(p − 1)
2(p+ 1)
|u|p+1
|x| + (a+ λd)
|u|2
|x|3
)
dxdt
≤2E, (1.6)
for some constant λd ≥ 0. For more details, we refer to [41].
We only focus on the case a < 0 from now on. From the formula (1.4), we prove the
energy flux estimates on light cones by using the Hardy inequality and the radial decay
properties in Lemma 2.1 of the radial solutions. Thanks to these estimates and the radia-
tion field for free waves, we are able to prove Theorem 1.1 by utilizing the characteristics
lines method. Next, for the proof of Theorem 1.2, since the estimate (1.6) do not seem to
hold in this case, we establish a modified version of Morawetz estimates, which is based on
the Hardy inequalities on a local region. Employing the modified Morawetz estimates and
careful treatments of the potential term a u
|x|2
, we prove the scattering results for solutions
with an additional energy decay.
Remark 1.4. As noted in [41], there exists radial smooth initial datum (u0, u1) such that
the assumptions of Theorem 1.2, but (u0, u1) do not belong to the scaling invariant spaces
H˙sp × H˙sp(Rd). In fact, suppose
u0(x) = (1 + |x|)−
2(p+d+1)
(p+1)2
−ε
and |∇u0(x)| ≈ (1 + |x|)−
2(p+d+1)
(p+1)2
−1−ε
, |x| ≫ 1. (1.7)
By a direct computation, we have (u0, 0) satisfies the assumption of Theorem 1.2 with
κ = κ0. But u0 6∈ L
d(p−1)
2 (Rd) when ε is sufficiently small. Thus u0 6∈ H˙sp(Rd) by the
Sobolev embedding.
Remark 1.5. For the case −λd < a, one may improve the result of Theorem 1.2 slightly
by showing the inward/outward energy flux and the weighted Morawetz estimates as in
[39]. Here λd = (d − 1)(d − 3)/4. But the minimal decay rate κ0 of energy in (1.3)
can not be further improved by the inward/outward energy theory. While for the case
a < −λd, the inward/outward energy flux formula may be not true since the extra term∫∫
R×R3
|u|2
|x|3
dxdt may be infinite.
Remark 1.6. We consider the scattering theory of the linear wave equation{
utt +
(
−∆+ a
|x|2
)
u = 0, (x, t) ∈ Rd × R,
(u, ut)|t=0 = (u0, u1),
(LWa)
where d ≥ 3 and a > − (d−2)24 . By the Strichartz estimates of ~S0(t) and the generalized
Morawetz estimates, one may obtain the scattering result of solution of (LWa) in H˙
1
2 ×
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H˙−
1
2 (Rd). In fact, by the Duhamel formula, for t1 < t2, we have
~S0(−t2)(u(t2), ut(t2))(x)− ~S0(−t1)(u(t1), ut(t1))(x) =
∫ t2
t1
~S0(−s)
[
0, a
|·|2
u(·, s)](x)ds.
(1.8)
Then, by square function estimates1 in Appendix and generalized Ho¨lder inequality, we
have ∥∥∥~S0(−t1)(u(t1), ut(t1))− ~S0(−t2)(u(t2), ut(t2))∥∥∥
H˙
1
2×H˙−
1
2 (Rd)
.
∥∥∥ a|x|2u(x, t)∥∥∥
L
2d
d+2 ,2
x L2t ([t1,t2]×R
d)
.
∥∥|x|−1∥∥
Ld,∞x (Rd)
∥∥∥ a|x|u(x, t)∥∥∥L2t,x(Rd×[t1,t2]) → 0, (1.9)
as t2 > t1 →∞, where Lα,βx are Lorentz spaces and we have used the generalized Morawetz
estimate as in [4, Theorem 2], i.e.
‖ 1|x|u(x, t)‖L2t,x(R×Rd) . ‖(u0, u1)‖H˙ 12×H˙− 12 (Rd). (1.10)
However, generally speaking, for scattering results in the energy space H˙1 × L2(Rd), one
may need the associated square function estimates on L
2d
d−1
,2
x L2t (R×Rd) or the Strichartz
estimates on L2tL
2d
d−1
,2
x (R × Rd). But, the both tools are not true even for radial case. In
fact, One easy to see that square function estimates do not hold via Plancherel and the
fact |d̂σSd−1(ξ)| = O((1 + |ξ|)
1−d
2 )); On the other hand, by making use of Proposition 5.2
and Ho¨lder inequalities, we have
‖|eit|∇|f‖Lqx(||x|−|t||.1) & ‖|eit|∇|f‖L2x(||x|−|t||.1)|t|
−(n−1)( 1
2
− 1
q
)
& |t|−(n−1)( 12− 1q ). (1.11)
This inequality shows us that LptL
q
x(R × Rd) is acceptable if 1p + n−1q < n−12 .
Fortunately, we can obtain scattering theory of radial energy solutions to the linear
equation (LWa) in the Appendix by the argument of [37] and a series of estimates. This
fact shows us that the radial solutions of the energy critical nonlinear wave equations
scatter to free waves, see [27].
1.3. The structure of this paper. This article is organized as follows: In Section 2,
we give technical lemmas for latter use and well-posedness theory of Cauchy problem
(1.1). In Section 3, we prove the energy flux formula of the solution to the problem
(1.1). We establish a class of local Morawetz estimates associated with the problem(1.1)
in Section 4. In Section 5, we prove Theorem 1.1 by making use of the characteristic
lines method. In Section 6 we establish a series of local energy estimates, and complete
the proof of Theorem 1.2 by making use of Morawetz estimates obtablished in Section 4.
In the appendix, we prove the asymptotic behaviour of linear solution, and establish the
square function estimate in Lorentz space by Stein-Tomas restriction theorem.
1 One can also use the Strichartz estimates on L2tL
2d
d−2
,2
x here but with radial assumption if d = 3.
For the cases d ≥ 4, we refer to [22]. If d = 3, this follows the Strichartz estimates for radial data ([42,
Theorem 1.3])and real interpolation estimates in [22, Section 6].
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We conclude this section by introducing some notations. We denote by A . B the fact
that the inequality A ≤ CB holds with an implicit constant C depending on p and a.
Sometimes we also allow these constants to depend on the energy E and weighted energy
Eκ, especially in the last two sections.
The derivative operator ∇ refers to the spatial variable only. ∂r = x|x| · ∇ denotes the
derivative in the radial direction and /∇ = ∇ − x|x|∂r denotes the angular derivative. Let
u(x, t) be a spatially radial function. By convention u(r, t) represents the value of u(x, t)
when |x| = r.
2. Technical Lemmas and well-posedness theory
First, we recall the sharp Hardy inequality, for d ≥ 3,
(d− 2)2
4
∫
Rd
|u(x)|2
|x|2 ≤
∫
Rd
|∇u(x)|2dx. (2.1)
For a ∈ (− (d−2)24 ,∞), we have the rough identity as follows
E ≃
∫
Rd
(
|∇u(x, t)|2 + |u(x, t)|
2
|x|2 + |ut(x, t)|
2 + |u(x, t)|p+1
)
dx. (2.2)
Thus for any region Σ ⊂ Rd we have∫
Σ
(1
2
|∇u(x, t)|2 + a
2
|u(x, t)|2
|x|2 +
1
2
|ut(x, t)|2 + 1
p+ 1
|u(x, t)|p+1
)
dx . E. (2.3)
Lemma 2.1 (Pointwise Estimate, see [37] [41]). All radial H˙1(Rd) functions u satisfy
|u(r)| .d r−(d−2)/2‖u‖H˙1 , r > 0.
If u also satisfies u ∈ Lp+1(Rd), then its decay is stronger as r → +∞, i.e.
|u(r)| .d r−
2(d−1)
p+3 ‖u‖
2
p+3
H˙1
‖u‖
p+1
p+3
Lp+1
, r > 0. (2.4)
Now, we recall some properties of the operator La = −∆ + a|x|2 . For r ∈ (1,∞), we
write H˙1,ra and H
1,r
a for the homogeneous and inhomogeneous space defined in terms of
La; these spaces have norms
‖f‖H˙1,ra = ‖
√
Laf‖Lr , ‖f‖H1,ra = ‖
√
1 + Laf‖Lr .
We write H˙1,2a = H˙1a and denote σ =
d−2
2 −
√(
d−2
2
)2
+ a.
Lemma 2.2 (Equivalence of Sobolev spaces, [24]). Let d ≥ 3, a > − (d−2)24 , and s ∈ (0, 2).
• If p ∈ (1,∞) satifies s+σd < 1p < min
{
1, d−σd
}
, then
‖|∇|sf‖Lp(Rd) . ‖L
s
2
a f‖Lp(Rd).
• If p ∈ (1,∞) satifies max { sd , σd} < 1p < min{1, d−σd }, then
‖L
s
2
a f‖Lp(Rd) . ‖|∇|sf‖Lp(Rd).
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2.1. Local theory. We consider the inhomogeneous wave equation{
∂2t u+ Lau = F (x, t), (x, t) ∈ Rd × R
(u, ut)(x, 0) = (u0, u1) ∈ H˙1 × L2(Rd).
(2.5)
First, we record the Strichartz estimates.
Proposition 2.3 (Strichartz estimates [4] [27]). Let 2 ≤ q ≤ ∞, 2 ≤ r <∞ such that the
admissible condition 1q +
d−1
2r ≤ d−14 holds, where if d = 3, we additionally require q > 2.
Define γ via the scaling condition 1q +
d
r =
d
2 − γ. Then, we have∥∥∥∥ cos(t√La)f + sin(t
√
La)√La
g
∥∥∥∥
LqtL
r
x(R×R
d)
≤ C(‖f‖H˙γ + ‖g‖H˙γ−1) (2.6)
provided that
−min
{
1,
√
a+ 94 − 12 ,
√
a+ 14 + 1
}
< γ < min
{
2,
√
a+ 94 +
1
2 ,
√
a+ 14 + 1− 1q
}
when d = 3;
−min
{
d
2 − d+32(d−1) ,
√
a+ d
2
4 − d+32(d−1) ,
√
a+ (d−2)
2
4 + 1
}
< γ < min
{
d+ 1
2
,
√
a+ d
2
4 +
1
2 ,
√
a+ (d−2)
2
4 + 1− 1q
}
when d ≥ 4.
Remark 2.4. We will also need an inhomogeneous version of (2.6),∥∥∥ ∫ t
0
sin((t− s)
√
La)√La
F (s)ds
∥∥∥
L∞t ([0,T ];H˙
1×L2)∩LqtL
r
x([0,T ]×R
d)
≤ C‖F‖L1tL2x([0,T ]×Rd), (2.7)
where parameters (q, r, γ) = (q, r, 1) satisfy conditions in Proposition 2.3. In fact, by
Strichartz estimates we have∥∥∥χt≥s(t)sin((t− s)√La)√La F (s)
∥∥∥
L∞t ([0,T ];H˙
1×L2)∩LqtL
r
x([0,T ]×R
d)
≤ C‖F (s)‖L2x(Rd).
This inequality implies that∥∥∥ ∫ T
0
χt≥s(t)
sin((t− s)
√
La)√La
F (s)ds
∥∥∥
L∞t ([0,T ];H˙
1×L2)∩LqtL
r
x([0,T ]×R
d)
≤ C‖F‖L1tL2x([0,T ]×Rd),
which is exactly inequality (2.7).
For the well-posedness theory for the problem (1.1), we need to use the Strichartz norm
such as ‖ · ‖
L
2p
(d−2)p−d
t L
2p
x
. Based on the discussion in Remark 1.3, for each p ∈ [pconf , pe)
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with 3 ≤ d ≤ 6, we have by (2.7)∥∥∥ ∫ t
0
sin((t− s)√La)√La
(|u|p−1u)ds∥∥∥
L∞t (H˙
1
x×L
2
x)∩L
2p
(d−2)p−d
t L
2p
x (I×Rd)
≤C‖|u|p−1u‖L1tL2x(I×Rd)
≤CT (d+2)−(d−2)p2 ‖u‖p
L
2p
(d−2)p−d
t L
2p
x (I×Rd)
, (2.8)
and∥∥∥∫ t
0
sin((t− s)√La)√La
(
|u|p−1u− |v|p−1v
)
ds
∥∥∥
L∞t (H˙
1
x×L
2
x)∩L
2p
(d−2)p−d
t L
2p
x (I×Rd)
≤ CT (d+2)−(d−2)p2 (‖u‖p−1
L
2p
(d−2)p−d
t L
2p
x (I×Rd)
+ ‖v‖p−1
L
2p
(d−2)p−d
t L
2p
x (I×Rd)
)‖u− v‖
L
2p
(d−2)p−d
t L
2p
x (I×Rd)
,
(2.9)
where I = [0, T ] and
a > − (d−2)24 +
(
(d−2)p−d
2p
)2
.
Then, by the Duhamel formula
u = cos(t
√
La)u0 + sin(t
√
La)u1 −
∫ t
0
sin((t− s)√La)√La
(|u|p−1u) ds,
one can show the local well-posedness of (1.1) via the concentration map argument. More-
over, by energy conservation, one can obtain the global existence of the solution.
Proposition 2.5 (Well-posedness theory). Assume that 3 ≤ d ≤ 6 and a > − (d−2)24 +(
(d−2)p−d
2p
)2
.
(i) (Existence) For any initial data (u0, u1) ∈ H˙1 × L2(Rd), there are a time interval
I ∋ 0 and a unique solution u to (1.1) on I, such that (u, ut) ∈ C(I, H˙1 ×L2(Rd))
and u ∈ L
2p
(d−2)p−d
t L
2p
x (I ×Rd).
(ii) (Long time perturbation) Let I = [0, T ] be a time interval with 0 < T < ∞. For
any positive M <∞, there exists ε0 = ε0(T,M) such that if 0 < ε < ε0, then the
following holds: If u˜ be a solution to ∂ttu˜+ Lau˜ = −|u˜|p−1u˜ and
‖u˜(0), ∂tu˜(0)‖H˙1×L2(Rd) <∞,
|u˜‖
L
2p
(d−2)p−d
t L
2p
x (I×Rd)
< M,
‖(u0, u1)− (u˜(0), ∂tu˜(0))‖H˙1×L2(Rd) < ε.
Then there exists a solution u to (1.1) on I such that
‖u− u˜‖
L
2p
(d−2)p−d
t L
2p
x (I×Rd)
< C(T,M)ε,
sup
t∈I
‖(u(t), ∂u(t)) − (u˜(t), ∂tu˜(t))‖H˙1×L2(Rd) < C(T,M)ε.
(iii) (energy conservation) If E(u0, u1) < ∞, then we have E(u(t), ut(t)) ≡ E(u0, u1),
for t ∈ Imax.
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By (i) and (iii), we can obtain the global well-posedness of u.
Proof. The proof of (i) and (ii) follows from the estimates (2.8)-(2.9) and standard fixed
point argument, see for example [25, 34]. Moreover, by (ii) and Fatou’s Lemma, time
reverse invariance of (1.1), it suffices to consider the initial data in (u0, u1) ∈ H1×L2(Rd).
From u0 ∈ L2(Rd) and (u, ∂tu) ∈ C(I, H˙×L2(Rd)), we have (u, ∂tu) ∈ C(I,H1×L2(Rd)).
Then, we have the energy conservation law, by Theorem 4.1 in Strauss[43], if we take
V = H1(Rd),H =W = L2(Rd), A(t) = La and Z = L2((0, T );L2(Rd)).

3. Energy Flux
In this section, we consider the energy flux of the solutions given by Proposition 2.5.
Given any region Σ ⊂ Rd, we use the following notation to represent local energy for
convenience.
E(t; Σ)
.
=
∫
Σ
(1
2
|∇u(x, t)|2 + a
2
|u(x, t)|2
|x|2 +
1
2
|ut(x, t)|2 + 1
p+ 1
|u(x, t)|p+1
)
dx. (3.1)
We have the following energy flux formula for t2 > t1 > η
E(t2;B(0, t2 − η))− E(t1;B(t1 − η))
=
1√
2
∫
|x|=t−η,t1<t<t2
(1
2
|ur + ut|2 + a
2
|u|2
|x|2 +
1
2
| /∇u|2 + 1
p+ 1
|u|p+1
)
dS. (3.2)
Since the local energy E(t; Σ) remains uniformly bounded, the energy flux above is always
bounded by a constant multiple of energy. Letting t1 → η and t2 → +∞, we obtain the
energy flux through a whole light cone:∫
|x|=t−η
(
1
2
|ur + ut|2 + a
2
|u|2
|x|2 +
1
2
| /∇u|2 + 1
p+ 1
|u|p+1
)
dS . E. (3.3)
The limit process t1 → η and t2 → +∞ is valid at least in the radial case although it
involves the integral of negative functions a2
|u|2
|x|2
. In fact,
• The limit t1 → η can be done for a.e. η ∈ R by making use of∫ T2
T1
∫
Rd
(1
2
|ur + ut|2 + |a|
2
|u|2
|x|2 +
1
2
| /∇u|2 + 1
p+ 1
|u|p+1
)
dxdt . (T2 − T1)E < +∞.
• In the radial case, we have u(x, t) . |x|−
2(d−1)
p+3 . Thus the integral
∫
|x|=t−η>1
|u|2
|x|2dS
is always finite. This fact tell us that the limit t2 →∞ can be done.
Next we have a key observation∫
|x|=t−η
|ur + ut|2dS ≥
(d− 2
2
)2 ∫
|x|=t−η
|u|2
|x|2 dS. (3.4)
In fact, it suffices to apply the sharp Hardy inequality on u˜(x) = u(x, |x| + η) ∈ H˙1(Rd).
Hence, it immediately follows that
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Proposition 3.1 (Energy flux). Let u be a finite-energy radial solution to (1.1). Then
we have the energy flux formula
E(t2;B(0, t2 − η))− E(t1;B(t1 − η))
=
1√
2
∫
|x|=t−η,t1<t<t2
(1
2
|ur + ut|2 + a
2
|u|2
|x|2 +
1
p+ 1
|u|p+1
)
dS. (3.5)
In addition, the full energy flux through light cone satisfies∫
|x|=t−η
(
|ur + ut|2 + |u|
2
|x|2 + |u|
p+1
)
dS . E. (3.6)
4. Morawetz estimates
In this section, we shall prove a class of local Morawetz estimates for solutions in
Proposition 2.5. For this purpose, we give a Hardy inequality on a local domain.
Lemma 4.1. Let u ∈ H˙1(Rd). Then for any R > 0, we have
f(R)
.
=
∫
|x|<R
(
|∇u(x)|2 + a |u(x)|2
|x|2
)
dx+ σ
∫
|x|=R
|u(x)|2
|x| dS(x) ≥ 0, (4.1)
where
σ = σa
.
= d−22 −
√
(d−2)2
4 + a.
Moreover, we have∫
|x|<R
(
|∇u(x)|2 + |u(x)|
2
|x|2
)
dx . f(R) +
∫
|x|=R
|u(x)|2
|x| dS(x). (4.2)
Proof. Using the fact a = σ2 − (d− 2)σ and integration by parts, we have
f(R) =
∫
|x|<R
∣∣∣∇u(x) + σ x|x|2u(x)∣∣∣2dx ≥ 0. (4.3)
This inequality implies that∫
|x|<R
|∇u(x)|2dx .
∫
|x|<R
(∣∣∣∇u(x) + σ x|x|2u(x)∣∣∣2 + ∣∣∣ x|x|2u(x)∣∣∣2)dx
.f(R) +
∫
|x|≤R
|u(x)|2
|x|2 dx.
And, by the definition of σ and the fact that f(R) ≥ 0 for a replaced by a− ε, ε > 0 is a
small constant, we have∫
|x|<R
|u(x)|2
|x|2 dx . f(R) +
∫
|x|=R
|u(x)|2
|x| dS(x).

Corollary 4.2. All H˙1rad(R
d) functions u satisfy∫
|x|<R
(
|∇u(x)|2 + a |u(x)|
2
|x|2
)
dx ≥ −cdσRd−2|u(R)|2 = − σ
R
∫
|x|=R
|u(x)|2dS(x), (4.4)
where cd is the surface area of the unit ball in R
d.
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Remark 4.3. The constants −cdσ in the first inequality of and −σ in are optimal. For
the proofs of the optimality, one can take test functions u(x) = |x|−σ.
Proposition 4.4 (Morawetz estimates). Let u be a finite-energy radial solution to (1.1).
Then for any time T1 < T2 we have
1
2R
∫ T2
T1
∫
|x|<R
(
|∇u|2 + a |u|
2
|x|2 + |ut|
2 +
(d− 1)(p − 1)− 2
p+ 1
|u|p+1
)
dxdt
+
d− 1
4R2
∫ T2
T1
∫
|x|=R
|u|2dS(x)dt+
∫ T2
T1
∫
|x|≥R
((d− 1)(p − 1)
2(p + 1)
|u|p+1
|x| + (a+ λd)
|u|2
|x|3
)
dxdt
+
1
2R2
(µd + a− 2σ)
∫
|x|≤R
(|u(x, T1)|2 + |u(x, T2)|2)dx
≤2E + 1
2
(− λd + |a|) ∫
|x|>R
|u(x, T1)|2 + |u(x, T2)|2
|x|2 dx, (4.5)
where µd =
d2−1
4 , λd =
(d−1)(d−3)
4 .
Proof. We may assume u has sufficient regularity, otherwise we can use the standard
techniques of smooth approximation. Let
M(t) =
∫
|x|≤R
ut
(
x · ∇u+ d− 1
2
u
)
dx+R
∫
|x|≥R
ut
( x
|x| · ∇u+
d− 1
2
u
|x|
)
dx. (4.6)
A straightforward calculation shows that the sum of double integrals in the left hand side
of (4.5), i.e.
sum of first two lines of (4.5) = − 1
R
∫ T2
T1
M ′(t)dt =
1
R
(M(T1)−M(T2)). (4.7)
The major difference between the cases with a > 0 and a < 0 is to find the upper bound
of |M(t)|. By Cauchy-Schwarz and integration by parts, we have
|M(t)| ≤ R 12 ‖ut‖2
[ 1
R
∫
|x|≤R
∣∣∣x · ∇u+ d− 1
2
u
∣∣∣2dx+R ∫
|x|≥R
∣∣∣ x|x| · ∇u+ d− 12 u|x| ∣∣∣2dx] 12
≤ R 12 ‖ut‖2
[ 1
R
∫
|x|≤R
(
|x · ∇u|2 − µd|u|2
)
dx+R
∫
|x|≥R
(∣∣∣ x|x| · ∇u∣∣∣2 − λd |u|2|x|2)dx] 12
≤ R
2
‖ut‖22 +
1
2R
[ ∫
|x|≤R
(
|x · ∇u|2 − µd|u|2
)
dx+R2
∫
|x|≥R
(∣∣∣ x|x| · ∇u∣∣∣2 − λd |u|2|x|2)dx]
.
=
R
2
‖ut‖22 +
1
2R
I. (4.8)
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We may find an upper bound of I
I ≤
∫
|x|≤R
(
|x|2 · |∇u|2 + a|u|2
)
dx− (µd + a)
∫
|x|≤R
|u|2dx
+R2
∫
|x|≥R
(
|∇u|2 + a |u|
2
|x|2
)
dx− (λd + a)R2
∫
|x|>R
|u|2
|x|2 dx
=
∫
Rd
min{|x|2, R2}
(
|∇u|2 + a |u|
2
|x|2
)
dx− (µd + a)
∫
|x|≤R
|u|2dx− (λd + a)R2
∫
|x|>R
|u|2
|x|2 dx
=
∫ R
0
2r
[ ∫
|x|>r
(
|∇u|2 + a |u|
2
|x|2
)
dx
]
dr − (µd + a)
∫
|x|≤R
|u|2dx− (λd + a)R2
∫
|x|>R
|u|2
|x|2 dx.
One easily obtain by Corollary 4.2∫
|x|>r
(
|∇u|2 + a |u|
2
|x|2
)
dx = E −
∫
|x|<r
(
|∇u|2 + a |u|
2
|x|2
)
dx
≤ E + σ
r
∫
|x|=r
|u(x)|2dS(x).
where E = ∫
Rd
(|∇u(x)|2 + a |u|2|x|2 )dx. We apply this upper bound to I and obtain
I ≤ R2E + 2σ
∫ R
0
[ ∫
|x|=r
|u(x)|2dS(x)
]
dr − (µd + a)
∫
|x|≤R
|u|2dx− (λd + a)R2
∫
|x|>R
|u|2
|x|2 dx
= R2E − (µd + a− 2σ)
∫
|x|≤R
|u|2dx− (λd + a)R2
∫
|x|>R
|u|2
|x|2 dx
= R2
∫
Rd
(
|∇u(x)|2 + a |u|
2
|x|2
)
dx− (µd + a− 2σ)
∫
|x|≤R
|u|2dx− (λd + a)R2
∫
|x|>R
|u|2
|x|2 dx.
Inserting this upper bound in (4.8), we have
|M(t)| ≤ R
2
∫
Rd
(
|ut|2 + |∇u(x)|2 + a |u|
2
|x|2
)
dx
− 1
2R
[
(µd + a− 2σ)
∫
|x|≤R
|u|2dx+
(
λd + a
)
R2
∫
|x|>R
|u|2
|x|2 dx
]
≤ RE − 1
2R
(µd + a− 2σ)
∫
|x|≤R
|u|2dx−
(
λd + a
)R
2
∫
|x|>R
|u|2
|x|2 dx.
Combining this upper bound with (4.7), we finish the proof of Proposition 4.4. 
Corollary 4.5. Let u be a finite-energy radial solution to (1.1). Then for any 0 < R < T
we have∫ T
R
∫
|x|<R
(1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt
≤
∫ R
−R
∫
|x|>R
(1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt
+R(|a| − λd)
[ ∫ T
−R
∫
|x|>R
|u|2
|x|3 dxdt+
1
2
∫
|x|>R
|u(x,−R)|2 + |u(x, T )|2
|x|2 dx
]
. (4.9)
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Proof. We apply Morawetz estimate (4.5) with T1 = −R and T2 = T . Our assumption
p ≥ 1 + 4d−1 means that (d−1)(p−1)−22(p+1) ≥ 1p+1 . And by the assumption of a and d in
Proposition 2.5, we have µd + a− 2σ ≥ 34 . Thus we may ignore all other positive terms in
the left hand side of Morawetz estimate (4.5) and obtain
1
R
∫ T
−R
∫
|x|<R
(1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt ≤ 2E + (|a| − λd)I,
where I represents the sum of three integrals enclosed in middle brackets above. We may
multiply R in both sides and utilize the energy conservation law to get∫ T
−R
∫
|x|<R
(1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt
≤
∫ R
−R
∫
Rd
(1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dxdt+ (|a| − λd)RI.
Finally, subtracting
∫ R
−R
∫
|x|<R
(
1
2 |∇u|2+ a2 |u|
2
|x|2 +
1
2 |ut|2+ 1p+1 |u|p+1
)
dxdt from both sides,
we obtain (4.3). This completes the proof of Corollary 4.5. 
5. Method of Characteristic Lines
In this section, we prove Theorem 1.1 by method of characteristic lines. First, we import
radiation field theorem of the free wave equation.
Proposition 5.1 (Radiation field, [12, 16, 17, 41]). For any radial free wave solution u
with finite energy, there exists a unique function g+ ∈ L2(R) such that
lim
t→∞
∫ ∞
0
(∣∣∣r d−12 ur(r, t) + g+(t− r)∣∣∣2 + ∣∣∣r d−12 ut(r, t)− g+(t− r)∣∣∣2)dr = 0. (5.1)
On the other hand, for g+ ∈ L2(R), there exists a unique radial free wave solution u with
finite energy such that the equality (5.1) holds.
Next, we recall the decay property of free waves.
Proposition 5.2 ([41]). Assume d ≥ 3. Let u be a solution to the free wave equation(
∂2t −∆
)
v = 0 with initial data H˙1 × L2(Rd). Then we have
lim
η→∞
sup
t>η
{∫
|x|<t−η
(
|∇v(x, t)|2 + |vt(x, t)|2
)
dx
}
= 0, (5.2)
lim
R→∞
sup
t>0
{∫
|x|>t+R
(
|∇v(x, t)|2 + |vt(x, t)|2
)
dx
}
= 0, (5.3)
Assume that u is a finite-energy, radial solution to (1.1). Let w = r
d−1
2 u(r, t), then, we
have
(∂2t − ∂2r )w = −r
d−1
2 |u|p−1u− (λd + a)r
d−5
2 u. (5.4)
As in [37, 41], by the characteristic method and radial Sobolev, we have
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Proposition 5.3. For τ + 1 < t1 < t2 < s− 1, we have
|(wt + wr)(s − t2, t2)− (wt + wr)(s − t1, t1)| . (s− t2)−β(d,p),
|(wt − wr)(t2 − τ, t2)− (wt + wr)(t1 − τ, t1)| . (t1 − τ)−β(d,p),
where β(d, p) = (d−1)(p−1)−22(p+1) ∈ (0, 12) by the assumption of p.
In fact, the additional term −(λd+a)r
d−5
2 u(r, t) can be dealt with by |u(r)| . r−(d−2)/2.
As a consequence of Proposition 5.3, we have the following proposition
Proposition 5.4. There exist g± ∈ L2(R) satisfying that
lim
t→+∞
(wt − wr)(t− η, t) = 2g+(η), ‖g+‖L2(R) . E/cd;
lim
t→−∞
(wt + wr)(s− t, t) = 2g−(s), ‖g−‖L2(R) . E/cd.
Proof of Theorem 1.1 As a consequence of Proposition 5.3, one can verify that
lim sup
t→+∞
∫ t+R
t−c·t1−κ0
(|(wt+wr)(r, t)−2g−(r+t)|2+|(wt−wr)(r, t)−2g+(t−r)|2)dr . c. (5.5)
where 1− κ0 = 2β(d, p), c,R are positive constants. A simple calculation shows∫ t+R
t−c·t1−κ0
|g−(r + t)|2dr → 0, as t→∞.
Therefore, we have
lim sup
t→+∞
∫ t+R
t−c·t1−κ0
(|(wt +wr)(r, t)|2 + |(wt − wr)(r, t) − 2g+(t− r)|2)dr . c.
This can be rewritten as
lim sup
t→+∞
∫ t+R
t−c·t1−κ0
(|wt(r, t)− g+(t− r)|2 + |wr(r, t) + g+(t− r)|2)dr . c.
Note that wr = r
d−1
2 ur +
d−1
2 r
d−3
2 u and
lim
t→+∞
∫ t+R
t−c·t1−κ0
rd−3|u(r, t)|2dr . lim
t→+∞
∫ t+R
t−c·t1−κ0
rd−3r
− 4(d−1)
p+3 dr = 0,
by Lemma 2.1. Thus, we have
lim sup
t→+∞
∫ t+R
t−c·t1−κ0
(|r d−12 ut(r, t)− g+(t− r)|2 + |r
d−1
2 ur(r, t) + g+(t− r)|2)dr . c. (5.6)
Similarly we have for η,R > 0
lim sup
t→+∞
∫ t+R
t−η
(|r d−12 ut(r, t) − g+(t− r)|2 + |r
d−1
2 ur(r, t) + g+(t− r)|2)dr = 0. (5.7)
Next, by Proposition 5.1, there exists free wave v such that
lim
t→+∞
∫ ∞
0
(|r d−12 vt(r, t) − g+(t− r)|2 + |r
d−1
2 vr(r, t) + g+(t− r)|2)dr = 0. (5.8)
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Combining (5.8) with (5.7) or (5.6), we have
lim
t→+∞
∫
t−η<|x|<t+R
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx = 0, (5.9)
lim sup
t→+∞
∫
t−c·t1−κ0<|x|<t+R
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t) − vt(x, t)|2
)
dx . c. (5.10)
Finally, to complete the proof of Theorem 1.1, it suffices to show
lim
R→+∞
sup
t>0
{∫
|x|>t+R
(|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2)dx
}
= 0. (5.11)
In fact, this is a direct consequence of the finite propagation speed. One can also see (5.3),
or employ Lemma 6.1 with κ = 0 if the decay of energy is unknown.
6. Further estimates with energy decay and the proof of Theoren 1.2
In this section, we consider the scattering theory of (1.1) under the condition of addi-
tional energy decay (1.3).
Lemma 6.1. Let κ ∈ [0, 1). Assume that initial data (u0, u1) ∈ H˙1 × L2 satisfy
Eκ(u0, u1) =
∫
Rd
(|x|κ + 1) (|∇u0(x)|2 + |u1(x)|2 + |u0(x)|p+1) dx < +∞.
Then the corresponding solution u to (1.1) satisfies for each r > 0∫
|x|>r+|t|
(
|∇u(x, t)|2 + |u(x, t)|
2
|x|2 + |ut(x, t)|
2 + |u(x, t)|p+1
)
dx . r−κEκ,r(u0, u1), (6.1)
where Eκ,r(u0, u1) is defined by
Eκ,r(u0, u1)
.
=
∫
|x|>r/2
(|x|κ + 1) (|∇u0(x)|2 + |u1(x)|2 + |u0(x)|p+1) dx→ 0, as r → +∞.
If the initial data is also radial, we have
|u(x, t)| . |x|−
2(d−1)
p+3 (|x| − |t|)− 2κp+3Eκ,|x|−|t|(u0, u1)
2
p+3 , |x| > |t|. (6.2)
Proof. Let us fix a radial, smooth cut-off function φ : Rd → [0, 1] satisfying
φ(x) =
{
0, |x| ≤ 1/2;
1, |x| ≥ 1,
and define (u0,r, u1,r) = φ(x/r)(u0, u1) for some r > 0 to be determined later. A simple
calculation shows
E(u0,r, u1,r) .
∫
Rd
(|∇u0,r|2 + |u1,r|2 + |u0,r|p+1)dx
.
∫
|x|>r/2
(|∇u0|2 + |u1|2 + |u0|p+1)dx+
∫
r/2<|x|<r
|u0|2
|x|2 dx
.
∫
|x|>r/2
(|∇u0|2 + |u1|2 + |u0|p+1)dx
. r−κEκ,r(u0, u1).
16 MIAO, SHEN, AND ZHAO
Let u(r) be the solution to (1.1) with initial data (u0,r, u1,r). By energy conservation law
we immediately have∫
Rd
(
|∇u(r)|2 + |u
(r)|2
|x|2 + |u
(r)
t |2 + |u(r)|p+1
)
dx . E(u0,r, u1,r) . r
−κEκ,r(u0, u1). (6.3)
This proves (6.1) since we always have u(x, t) ≡ u(r)(x, t) for |x| > r + |t| by finite speed
of propagation. If the data is also radial, then we may apply Lemma 2.1 to conclude
|u(x, t)| = |u(|x|−|t|)(x, t)| . |x|−
2(d−1)
p+3 ‖u(|x|−|t|)(·, t)‖
2
p+3
H˙1
‖u(|x|−|t|)(·, t)‖
p+1
p+3
Lp+1
. |x|−
2(d−1)
p+3
(
(|x| − |t|)−κEκ,|x|−|t|(u0, u1)
) 2
p+3 ,
where we have used (6.3) with r = |x| − |t|. 
Corollary 6.2. Let (u0, u1) be as in Theorem 1.2. The corresponding solution u satisfies∫
|x|>R
|u(x, t)|2
|x|2 dx . R
− p+5
p+3
κ0Eκ0(u0, u1)
4
p+3 , |t| ≤ R;∫
|x|>R
|u(x, t)|2
|x|2 dx .
[
|t|− p+5p+3κ0 + (|t| −R)R−
4(d−1)
p+3
+d−3
]
Eκ0(u0, u1)
4
p+3 , |t| > R;∫ T
−T
∫
|x|>R
|u(x, t)|2
|x|3 dxdt .
[
R−
p+5
p+3
κ0 + (T −R)2R−
4(d−1)
p+3
+d−4
]
Eκ0(u0, u1)
4
p+3 , R < T < 2R.
Proof. By the pointwise estimate given in Lemma 6.1, if |t| ≤ R we have∫
|x|>R
|u(x, t)|2
|x|2 dx .
∫
|x|>R
|x|−
4(d−1)
p+3
−2
(|x| − |t|)−
4κ0
p+3Eκ0,|x|−|t|(u0, u1)
4
p+3dx
. R
− p+5
p+3
κ0Eκ0(u0, u1)
4
p+3 .
Similarly if |t| > R, we have∫
|x|>|t|
|u(x, t)|2
|x|2 dx .
∫
|x|>|t|
|x|−
4(d−1)
p+3
−2(|x| − |t|)−
4κ0
p+3Eκ0,|x|−|t|(u0, u1)
4
p+3dx
. |t|− p+5p+3κ0Eκ0(u0, u1)
4
p+3 .
In addition, we apply Lemma 2.1 to obtain∫
R<|x|<t
|u(x, T )|2
|x|2 dx .
∫
R<|x|<|t|
|x|−
4(d−1)
p+3
−2E(u0, u1)
4
p+3dx
. (|t| −R)R−
4(d−1)
p+3
+d−3
Eκ0(u0, u1)
4
p+3 .
These prove the first two inequalities. The last inequality is a direct consequence of the
first two because we have∫ T
−T
∫
|x|>R
|u(x, t)|2
|x|3 dxdt ≤
1
R
∫ T
−T
[ ∫
|x|>R
|u(x, t)|2
|x|2 dx
]
dt.

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Proposition 6.3. Let (u0, u1) be as in Theorem 1.2. The corresponding solution u satisfies
lim
t→+∞
∫
|x|<t−c·t1−κ0
(
|∇u|2 + |u|
2
|x|2 + |ut|
2 + |u|p+1
)
dx = 0. (6.4)
Proof. It suffices to show
lim sup
t→+∞
∫
|x|<t−c·t1−κ0
(1
2
|∇u|2 + a
2
|u|2
|x|2 +
1
2
|ut|2 + 1
p+ 1
|u|p+1
)
dx ≤ 0, (6.5)
because of Lemma 4.1 and the inequality |u(x, t)| . |x|−
2(d−1)
p+3 . By energy flux formula
given in Proposition 3.1 we have
E(t′;B(t′ − c · t1−κ0)) ≥ E(t;B(0, t− c · t1−κ0)) + a
2
√
2
∫
Σ(t,t′)
|u|2
|x|2 dS,
where
Σ(t, t′) = {(x¯, t¯) : |x¯| = |t¯| − c · t1−κ0 , t < t¯ < t′}
is a part of the light cone. We may also enlarge the radius and obtain for t′ ∈ (t, t+c·t1−κ0)
E(t′;B(0, t)) ≥ E(t′;B(t′ − c · t1−κ0) + a
2
∫
t′−c·t1−κ0<|x|<t
|u(x, t′)|2
|x|2 dx
≥ E(t;B(0, t − c · t1−κ0)) + a
2
√
2
∫
Σ(t,t′)
|u|2
|x|2 dS +
a
2
∫
t′−c·t1−κ0<|x|<t
|u(x, t′)|2
|x|2 dx.
By the pointwise estimate of radial solutions |u(x, t)| . |x|−
2(d−1)
p+3 , we have∫
Σ(t,t′)
|u|2
|x|2 dS +
∫
t′−c·t1−κ0<|x|<t
|u(x, t′)|2
|x|2 dx . c · t
− 4(d−1)
p+3
+d−2−κ0 , t′ ∈ (t, t+ c · t1−κ0).
Thus we have
E(t;B(t− c · t1−κ0) ≤ 1
c · t1−κ0
∫ t+c·t1−κ0
t
E(t′;B(0, t))dt′ + Ct−
4(d−1)
p+3
+d−2−κ0 .
Here C is independent of t and 4(d−1)p+3 − (d− 2) > 0 since p < 1 + 4d−2 . As a result, we
only need to prove
lim sup
t→+∞
1
c · t1−κ0
∫ t+c·t1−κ0
t
E(t′;B(0, t))dt′ ≤ 0. (6.6)
Next we recall Corollary 4.5 (with R = t, T = t+ c · t1−κ0) and write∫ t+c·t1−κ0
t
E(t′;B(0, t))dt′ ≤
∫ t
−t
E(t′; {x ∈ Rd : |x| > t})dt′
+ t(|a| − λd)
∫ t+c·t1−κ0
−t
∫
|x|>t
|u|2
|x|3 dxdt
′
+
1
2
t(|a| − λd)
∫
|x|>t
|u(x,−t)|2 + |u(x, t+ c · t1−κ0)|2
|x|2 dx
=I1 + I2 + I3. (6.7)
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According to Corollary 6.2, we have
|I2 + I3| . t1−
p+5
p+3
κ0 + ct
1−κ0−
4(d−1)
p+3
+d−2
+ c2t
2(1−κ0)−
4(d−1)
p+3
+d−3
. (6.8)
By the assumption of p, we have d− 2− 4(d−1)p+3 < 0. Thus
lim
t→∞
1
c · t1−κ0 (I2 + I3) = 0. (6.9)
In order to deal with I1, note that E(t
′; {x ∈ Rd : |x| > t}) is always bounded, we obtain
by Lemma 6.1
I1 .
∫ t−t(1−κ0)/2
−t+t(1−κ0)/2
E(t′; {x ∈ Rd : |x| > t})dt′ + t(1−κ0)/2
.
∫ t−t(1−κ0)/2
−t+t(1−κ0)/2
(t− |t′|)−κ0Eκ0,t−|t′|(u0, u1)dt′ + t(1−κ0)/2
. t1−κ0Eκ0,t(1−κ0)/2(u0, u1) + t
(1−κ0)/2. (6.10)
Finally we may plug the upper bounds of I1, I2 + I3 to (6.7), and recall the fact
Eκ0,r(u0, u1)→ 0, as r→ +∞,
we obtain (6.6). This complete the proof of Proposition 6.3. 
Now, we are ready to prove Theorem 1.2. Let u be a radial solution to (1.1) with
initial data (u0, u1) satisfying Eκ0(u0, u1) . Eκ(u0, u1) < +∞. Then, for v given as in
Section 5, we have
lim sup
t→+∞
∫
Rd
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx ≤ L1 + L2 + L3,
with
L1 = lim sup
t→+∞
∫
|x|<t−c·t1−κ0
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx;
L2 = lim sup
t→+∞
∫
t−c·t1−κ0<|x|<t+R
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx;
L3 = lim sup
t→+∞
∫
|x|>t+R
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx,
where c,R > 0 are constants to be determined. We have already known L3 = 0 and L2 . c
by the conclusion of Theorem 1.1 and (5.10). We also have L1 = 0 by a combination of
Proposition 6.3 and (5.2). In summary we have
lim sup
t→+∞
∫
Rd
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx . c
for all positive constants c. We then make c→ 0 and finish the proof.
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7. Appendix
7.1. The asymptotic behaviour of linear solution. Let u be a finite-energy radial
solution to the linear wave equation with an inverse-square potential{
utt +
(
−∆+ a
|x|2
)
u = 0, (x, t) ∈ Rd × R,
(u, ut)|t=0 = (u0, u1) ∈ H˙1 × L2.
Here d ≥ 3 and a > − (d−2)24 . We prove that there exists a free wave v to the linear wave
equation ∂2t v −∆v = 0 so that
lim
t→+∞
‖(u(·, t), ut(·, t)) − (v(·, t), vt(·, t))‖H˙1×L2 = 0. (7.1)
The proof of (7.1) divides into two steps. We first prove
lim sup
t→+∞
∫
|x|>(1−δ)t
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx . δ. (7.2)
Following the same argument as in Lemma 6.1, one can obtain∫
|x|>|t|+r
(
|∇u(x, t)|2 + |u(x, t)|
2
|x|2 + |ut(x, t)|
2
)
dx . E0,r, (7.3)
|u(x, t)| . E1/20,r |x|−
d−2
2 , |x| ≥ r + |t| (7.4)
such that
E0,r =
∫
|x|>r/2
(
|∇u0(x)|2 + |u1(x)|2
)
dx→ 0, as r→∞. (7.5)
We also have by a direct computation
|u(r1, t)− u(r2, t)| =
∫ r2
r1
|ur(r, t)|dr .
(∫ r2
r1
rd−1|ur(r, t)|2dr
)1/2(∫ r2
r1
r−(d−1)dr
)1/2
. (r2 − r1)1/2r−
d−1
2
1 .
Thus if (1− δ)|t| ≤ r ≤ |t|+ r0 ≤ (1 + δ)|t| with a small constant δ ≪ 1, then we have
|u(r, t)| ≤ |u(|t|+ r0, t)|+ |u(r, t) − u(|t|+ r0, t)| . (E1/20,r0 + δ1/2)r−
d−2
2 . (7.6)
Define w = r
d−1
2 u(r, t), then w satisfies
(∂2t − ∂2r )w = −(λd + a)r
d−5
2 u. (7.7)
Note that |u(r, t)| . r− d−22 , applying method of characteristic lines, we can obtain g+, g− ∈
L2(R) such that
|(wt + wr)(r, t) − 2g−(r + t)| . r−1/2, r > 1;
|(wt − wr)(r, t) − 2g+(t− r)| . r−1/2, r > 1.
Thus we have (δ ≪ 1, R > 0 are constants)
lim sup
t→+∞
∫ t+R
(1−δ)t
(|wt(r, t) − g+(t− r)|2 + |wr(r, t) + g+(t− r)|2)dr . δ.
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By the identity wr = r
d−1
2 ur +
d−1
2 r
d−3
2 u and the upper bound
lim sup
t→+∞
∫ t+R
(1−δ)t
rd−3|u(r, t)|2dr . lim sup
t→+∞
∫ t+R
(1−δ)t
1
r
dr . δ.
We have
lim sup
t→+∞
∫ t+R
(1−δ)t
(|r d−12 ut(r, t) − g+(t− r)|2 + |r
d−1
2 ur(r, t) + g+(t− r)|2)dr . δ.
By radiation fields, there exists a free wave v so that
lim sup
t→+∞
∫
(1−δ)t<|x|<t+R
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx . δ.
Combining this with (7.3), we obtain (7.1).
Now we are in position to show
lim sup
t→+∞
∫
|x|<(1−δ)t
(
|∇u(x, t)−∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2
)
dx . δ. (7.8)
By (5.2), (7.6), Lemma 4.1 and an argument similar to Proposition 6.3, it suffices to show
lim sup
t→∞
1
δt
∫ t+δt
t
E0(t
′;B(0, t))dt′ . δ. (7.9)
In this argument we need to apply (7.6) in order to deal with the integrals of |u|
2
|x|2 , and
more importantly,
∫
|x|=t
|u(x,t)|2
|x| dS(x). E0 represents the energy in a region:
E0(t; Σ) =
∫
Σ
(1
2
|∇u(x, t)|2 + a
2
· |u(x, t)|
2
|x|2 +
1
2
|ut(x, t)|2
)
dx.
We may prove a Morawetz estimate for linear solutions. Following the same argument as
in Corollary 4.5, we have∫ (1+δ)t
t
E0(t
′;B(0, t))dt′ ≤
∫ t
−t
E0(t
′; {x : |x| > t})dt′
+t(|a| − λd)
[ ∫ t+δt
−t
∫
|x|>t
|u|2
|x|3 dxdt
′ +
1
2
∫
|x|>t
|u(x,−t)|2 + |u(x, t+ δt)|2
|x|2 dx
]
= I1 + I2.
(7.10)
By (7.3) we have
I1 . δ
2t+
∫ t−δ2t
−t+δ2t
∫
|x|>t
(
|∇u(x, t′)|2 + |u(x, t
′)|2
|x|2 + |ut(x, t
′)|2
)
dxdt′
. δ2t+ tE0,δ2t.
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Next we deal with I2
I2 .
∫ t+δt
−t
∫
|x|>t
|u|2
|x|2 dxdt
′ + t
∫
|x|>t
|u(x,−t)|2
|x|2 dx+ t
∫
|x|>t
|u(x, t+ δt)|2
|x|2 dx
.
∫ t+δt
−t
∫
|x|>|t′|+δ2t
|u|2
|x|2 dxdt
′ +
∫ −t+δ2t
−t
∫
t<|x|<|t′|+δ2t
|u|2
|x|2dxdt
′ +
∫ t+δt
t−δ2t
∫
t<|x|<t′+δ2t
|u|2
|x|2 dxdt
′
+ t
∫
|x|>t+δ2t
|u(x,−t)|2
|x|2 dx+ t
∫
t<|x|<t+δ2t
|u(x,−t)|2
|x|2 dx
+ t
∫
|x|>t+δt+δ2t
|u(x, t+ δt)|2
|x|2 dx+ t
∫
t<|x|<t+δt+δ2t
|u(x, t+ δt)|2
|x|2 dx
= (I2,1 + I2,2 + I2,3) + (I2,4 + I2,5) + (I2,6 + I2,7)
We apply (7.3) and obtain I2,1 + I2,4 + I2,6 . tE0,δ2t. By |u(x, t)| . |x|−
d−2
2 we also have∫
r1<|x|<r2
|u(x, t)|2
|x|2 dx .
∫
r1<|x|<r2
|x|−ddx . ln(r2/r1).
This gives I2,2 + I2,3 + I2,5 . δ
2t. Finally we may utilize (7.6) and obtain
I2,7 . t
∫
t<|x|<t+δt+δ2t
(δ + E0,δ2t)|x|−ddx . δ2t+ δtE0,δ2t.
In summary we have I2 . δ
2t+ tE0,δ2t. Plugging the upper bound of I1, I2 in (7.10), we
have ∫ (1+δ)t
t
E0(t
′;B(0, t))dt′ . δ2t+ tE0,δ2t.
This proves (7.9), thus (7.8). Finally we combine (7.2) with (7.8) to conclude
lim sup
t→+∞
∫
Rd
(|∇u(x, t) −∇v(x, t)|2 + |ut(x, t)− vt(x, t)|2) dx . δ..
We make δ → 0 and finish the proof of (7.2).
7.2. Square function estimates. In this subsection, employing the Stein-Tomas restric-
tion theorem in Lorentz space, we show∥∥∥∫
R
eis|∇|F (·, s)ds
∥∥∥
H˙
1
2 (Rd)
≤ C‖F‖
L
2d
d+2 ,2
x L2t (R×R
d)
, (7.11)
for radial function F ∈ L
2d
d+2 ,2
x L2t (R× Rd).
Proof. The proof follows the arguments of [31]. By duality, it suffices to show
‖|∇|−γeit|∇|f‖
Lq,2x L2t (R×R
d)
≤ C‖f‖L2(Rd), (7.12)
where γ = d2 − 12 − dq and q ≥ 2(d+1)d−1 . Utilizing the polar coordinates, we have
|∇|−γeit|∇|f(x) =
∫ ∞
0
eitrr−γ
∫
|ξ|=r
eixξ fˆ(ξ)dσn−1r (ξ)dr.
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By Plancherel theorem with respective to variable t, we have
‖|∇|−γeit|∇|f(x)‖Lq,2x L2t =
∥∥∥(∫ ∞
0
∣∣∣ ∫
|ξ|=r
eixξ fˆ(ξ)dσn−1r (ξ)
∣∣∣2r−2γdr) 12∥∥∥
Lq,2x
≤
( ∫ ∞
0
∥∥∥∫
|ξ|=r
eixξfˆ(ξ)dσn−1r (ξ)
∥∥∥2
Lq,2x
r−2γdr
) 1
2
≤
( ∫ ∞
0
∫
|ξ|=r
|fˆ(ξ)|2dσn−1r (ξ)dr
) 1
2
=‖f‖L2x(Rd).
where we used the Stein-Tomas restriction theorem of the Lorentz spaces in [1] and the
following Minkowski inequality.
‖f(x, y)‖Lp,rx Lry ≤ ‖f(x, y)‖LryLp,rx , 1 ≤ r < p <∞. (7.13)
This completes the proof the square function estimate in lorentz space.
For the sake of completeness, we give a proof of the Minkowski inequalities in Lorentz
space. In fact, for 1 ≤ r < p <∞, we have
‖f(x, y)‖Lp,rx Lry =
∥∥∥|f(x, y)|r∥∥∥ 1r
L
p
r ,1
x L1y
≈
(
sup
‖g‖
L
(
p
r )
′,∞≤1
∫
|g(x)|
∫
|f(x, y)|rdydx
) 1
r
=
(
sup
‖g‖
L
(
p
r )
′,∞
≤1
∫ ∫
|f(x, y)|r|g(x)|dxdy
) 1
r
≤‖|f |r‖
1
r
L1yL
p
r ,1
x
= ‖f(x, y)‖LryLp,rx .

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